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Basic Definitions

Let S be the set of functions in Flz1,...,2,]/ < 2¥+z1,...,22 + 2, >.J

Let L be the subset of all linear polynomials in S. )

A given f(zg,...,2,) = F(xo,...,Tn-1) + @y in S generates an infinite
binary sequence a = (a(0)a(1l ) -) satisfying

fla(k),a(k+1),...,a(k+n)) =0, for k=0,1,2...

and initial condition on a(0),...,a(n —1)
The period of a is denoted by p(a). |
The set of all sequences generated by f is denoted by Q(f). |
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g = Xg + x1X2 + T3

ay = 000 000... = (0) (p(ar) = 1)
=001 001...= (001 =3
2 (001) (plaz) ) Figure : An example of NFSR
a3z =01110111... = (0011) (p(az) =4
g | ToZ1Z2
011
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g = Xg + x1X2 + T3

ar = 000 000... = (0) (p(ar) = 1)
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g = Xg + x1X2 + T3

ar = 000 000... = (0) (p(ar) = 1)
=001 001...= (001 =3
2 (001) (plaz) ) Figure : An example of NFSR
a3z =01110111... = (0011) (p(az) =4
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g = Xg + x1X2 + T3

a; =000 000...=(0) (p(a1) =1)
=001 001...= (001 =3
2 (001) (plaz) ) Figure : An example of NFSR
a3z =01110111... = (0011) (p(az) =4
g | ToZ1Z2
0 011
1 111
1 110
101
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g = Xg + x1X2 + T3

a; =000 000...=(0) (p(a1) =1)
=001 001...= (001 =3
2 (001) (plaz) ) Figure : An example of NFSR
a3z =01110111... = (0011) (p(az) =4
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0 011
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g = Xg + x1X2 + T3

|

a; =000 000...=(0) (p(ar) =1
=001 001...= (001 =3
2 (001) (plaz) ) Figure : An example of NFSR
a3 =01110111... =(0011)  (p(a3) =4)
g | ToT1ZT2 g | Lol1T2
0 011 0 001
1 111 0 010
1] 110 1] 100
1 101 0 001
0 011

Qg) = {a1,a2,a3}
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Basic Definitions

The sequence is called M-sequence if the period equals 2™. )

f generates a periodic sequence iff f is nonsingular

flxoy.. . xn) =xo+ F(21,. .., Tpo1) + Tp-

If F'is linear then f is also linear of the form

f(zo, ... ,xn) =20+ 121+ ...+ Cno1Tp_1 + Zn.
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© Investigation of go f
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Nonlinear Product And Representation

Suppose g(zg, - .., Tmy) and f(xg,...,x,) are polynomials in S. Then
the composition g o f is presented as

go f = g(f(xo, e axn)af('rlv ce. 737”4_1)7 .. '7f(mma SRR 7xn+’m))-

@ Note that go f # f o g in general.

@ The composition g o f corresponds to cascade connection of the
shift register of g to that of f.
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Operations With Composition

Three operations: addition (4), multiplication () and composition (o).

(i) - (x5) = (wi)(25) = (wiz;)

(i) o (x;) = (zj+44)

(

(z:) + (25) = (i + ;)
(
(

Two special cases

(z:) o (wi) = (w21)
(zi)(z:) = ()

Distributive properties

(xz) o (xj + .’L'k) = Tj4iq + Titk
(wi) () + 21) = 275 + 2478

(i +x5) 0 (T +2p) = Tign + Tigp + Tigj + Tptj
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Operations With Composition

Nontrivial cases

(m5) 0 (%xk) = ZTi+jTit+k
(zjzr) 0 (T5) = TitjTitk
(zi + ;) 0 (TkTp) = TitkTitp + TjthTj+p

(zrxp) © (T; + T5) = (Thti + Thotj) (Titp + Tjgp) =

= Thtilitp T Thti%jtp T ThtjTitp T Tkt Tjtp
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g=2Zo+ T1T2 + X3
f:x0+5171

gof=(zo+ 2122+ 23) 0 (T0 + 1) =
x0+x1+(x1 +x2)($2+€€3)+x3+x4:

=20+ T, + X2 + 23+ T129 + T123 + Tox3 + Ty

fog=(xo+x1)o0 (xo+ z122 + 23) =

= xg + T1T2 + T3 + T1 + T273 + T4
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Periods of Polynomials in .S

Shift Operator

Shift operator §° : S+ S is defined by

8 f(x0,...,2n) = (@50 000 g Bpas)

For o, f € S the polynomial > ;(6°f) is denoted by P(8)f, where
P) = 3 cud.

Order of f

By the order of f, denoted by ord(f), means the highest subscript i for
which x; occurs in f. For f =0 or f =1 the ord(f) equals —1.
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Periods of Polynomials in .S

Lemma 1. Division Algorithm
Let g(xo,...,zm) € S and f(xo,...,Tn) = F(xo,...,Tn—1) + Ty € S;

then there exists unique P(§) = i ;0" with o; € S, ord(a;) < n+i
i=0
and unique r € S with 7 = 0 or ord(r) < n such that g = P(d)f + r.

Note: if m < n then P(0) = 0.

Let g(xo,...,2m) € S and f(xo,...,2n) = F(xo,...,Tpn—1) + &, be
arbitrary functions in S, then

m—n

g= Z a;i(8°f) +r.

1=

Oleksandr Kazymyrov Nonlinear Feedback Shift Registers With Maximal Period



Periods of Polynomials in .S

If r = 0 then g = P(8)f and defined by f|lg. J

o If f||g and g||h then f]|h.
o If f|lg then n = ord(f) < ord(g) =m.
o If g=ho f then f||g. The converse is always true for f,g € L.

Let f = F(xo,...,Zn-1) +xp € S and g = G(zo,...,Tm—1) + Tm € S;
then f||g if and only if Q(f) C Q(g).

Let Ly be linear polynomial in S of smallest order such that f || Ly. J

Let f be a nonsingular linear polynomial and
g=x0+G(z1,...,Tm-1) + Tm € S; then Lyor = Ly o0 Ly.
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Periods of Polynomials in .S

Let f = F(xg,...,Tn_1) + xn € S; then there exist a positive integer ¢
such that f||zg + ;.

Corollary 1

Let f =20+ F(21,...,Zn—1) + 2, € S; then
p(f) = LCM{p(a)la € Q(f)}.

A\

Corollary 2

Let f =29+ F(21,...,Zn—1) + x, € S; then f generates M-sequence
if and only if p(f) = 2".

A\

Oleksandr Kazymyrov Nonlinear Feedback Shift Registers With Maximal Period



Extra Notations

If ais Q(f), then its i-fold translate

is also in Q(f) for 0 < i < p(a) — 1.

Let P be the set of all periodic sequences. For f € S

0(f): P— P

0(f)(a) =0
b(k) = f(a(k),a(k +1),...,a(k +n))

for k=0,1,2, ...
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Cycle Structure of Q(g o f)

Theorem 4

Suppose f=a9+ F(z+1,...,2,-1) + x, and
g=1x0+G(x1,...,Zm—1) + Tm are in S, and suppose 2(g) consists of
E cycles. Let a; (j =1,...,FE) be sequences, one from each cycle in
Q(g), and let C; be defined by

Cj=U{0(H) ™" (p'(a))li =0,1,...,p(a;) — 1}

then
° Qgof)=U{C;1<j<E}
o |Cj| =2"p(a )
o () is closed under p, i.e. p(C;) = C;
e if b € Cj, then p(a;)|p(b)
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Cycle Structure of (g o f)

ay

a2

ag

Figure : The Function 6(f)
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Cycle Structure of (g o f)

ap — by
az — bo
O’Q;)

ap be

Figure : The Function 6(f)
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Cycle Structure of (g o f)

ap — by
az — bo
O’Q;)

ap be

Figure : The Function 6(f)
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Cycle Structure of (g o f)

h s g
2
ai og)) by a1
0
a2 og)) bo az
0
ag OQ;) bg ap
Figure : The Function 6(f) Figure : Description of Theorem 4
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Cycle Structure of (g o f)

h n 9
2 .
a W pi(ar)
0 .
a2 &) ba p'(az)
0 .
aE ’Q;) be p'lag)
Figure : The Function 6(f) Figure : Description of Theorem 4
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Cycle Structure of (g o f)

h h g

0 N

ay = by p'(ar) (’_)> Cr={by,..., b%"p(al)}
o(f) (0o PEN

as L by pz(a2) (,_)> Cy = {b%, ey b%np(O/Q)}
0() (qo) PN

ag A bg plag) (»—)> C’E:{bf,w-,bfnp(w)}

Figure : The Function 6(f) Figure : Description of Theorem 4
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Cycle Structure of (g o f)

h X g gof

a Wy pilar) "B v =B )
(s ; 0f) "

as .(—>) bs pl(ag) (@ Cy = {b%a s b%"p(ag)}

6(f) ; o(f) "
ag (RN bg pZ(aE) — OE:{blEv""bQ?"p(aE)}
Figure : The Function 6(f) Figure : Description of Theorem 4
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9(zo, 21,22, 23) = o + T 122 + 3
f(wo,21) = w0 + 21

h(zo,...,xs) =go f =xo+ 1 + 22 + T3 + T1Z2 + 123 + T2x3 +

Q(g) consist of the following cycles

(0) pla) =1
(001) plaz) =3
(0111) plas) =4

Q(h) consist of the cycles

(0)(1) Cy
(000111) Co
(00101101) Cs
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Periods of Polynomials in .S

Let f be an irreducible linear polynomial and
g:$0+G(1‘13"'axm—1)+xm € Sv a &€ Q(g)

o If p(f) 1 p(a), then O(f)~*(a) contains one sequence of period p(a)
and 2™ — 1 sequences of period equal to LCM{p(a),p(f)}.

o If p(f) | p(a), then for x € O(f)~(a)

p() = {p(cw, it £ 1] 1)

2p(a), otherwise

where I(z) = a(p(a) — 1)z + a(p(a) — 2)z1 + - - - 4+ a(0)2p(g)—1-
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© Generation of M-Sequences
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Example 1. Lempel (1970)

The polynomial ¢y ...t, where t; =z; if b =1and t; =x; +1if b, =0
is defined by X (n;b1,...,by,).

Theorem 6

Let g = 29 + G(z1,...,Zp—1) + 5 in S with n > 2, which generates
M-sequence (of period 2™), and let f = 2o + x1. Then both

hi=(gof)+X(n;1,0,1,0,...),ho = (go f) + X(n;0,1,0,1,...),

generate M-sequences of period 27 +1.
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Corollary

Since g(zg,r1,%2) =1+ (zg + 1) o (xo + x1) generates M-sequence of
period 22, then the following polynomial generates M-sequence of period
2" (n > 2)

h(zo, ..., xn) =1+ (x0 +21)* + k(2) o (w0 +21)" > + -
+ k(n —2) o (zo + 1) + k(n — 1),

where k(j) = X(j;1,0,1,0,...) or X(5;0,1,0,1,...) ( =2,...,n—1)
and

(xo +21)" = (o +x1) 0 (g + x1) 0+ 0 (T + X7).-

n times
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Example 1. Calculations

Let n =4, k(2) = X(2;1,0), k(3) = X(3;0,1,0); then

f =1+ (.230 + .1'1)4 + k‘(2) o (.’I,‘O + .’L‘l)l + ki(3) =
=1+ (xo + x4) + (v122 + T123 + T2 + T2x3 + T1 + T2)+
+ (w2223 + 172 + X372 + T2) =

=14+x04+21 +T2+ 24+ 21203 + T1T2T3

f generates M-sequence (0000110101111001).
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Example 2. Mykkeltveit and et al. (1979)

Theorem 7

Let h=29+c121 + -+ Cp_1Tn_1 + T, be a primitive polynomial and
g=h+X(n—1;0,0,...); then

[go(xo+z1)]+ X(n5a1,...,an),

where (ay,...,a,) € Fy (0,0,...,0),(1,1,...,1) generates
M-sequences of period 2711
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Example 2. Calculations

Let h = 29 + x1 + 23 and (a1, az,a3) = (1,1,0); then

g=h+(x1+)(ze+1)=ao+21 +a3+T120+ 21+ 22+ 1=
=14z9+ 22+ 2122 + 23
go(xo+x)=14x0+x1 +22+ 23+ (11 +22)(T2 +23) + T3 + 34 =
=14z +x1 + 20+ (x172 + 2123 + T2 + T2x3) + T4 =
=14z9+ 21+ 2122 + 123 + Tox3 + T4
f=lgo(xo+z1)] + z12225 + T 122 =

=142+ 21 +T123 + X223 + 12203 + T4

M-sequence is (0000110010111101).
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